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⌧
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w s ✏ ±⇣ w
RN lims⌥ w(y, s) 0 ±�

C2(B(0, R)) R > 0
s ✏ �⇣
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ŝ ⌘ R w

C0 = 0, �̂ � �,

C0 < 0, �̂ � �⇤(s� s0) s0 = � log(�C0(p�1)
⌃ ),

C0 > 0, �̂ � �⇤⇤(s� s0) s0 = log(C0(p�1)
⌃ ),

�⇤⇤(s) = �(1� es)�
(1+i⇥)
(p�1)

�⇤⇤(s) s = 0 s  �1

'w(., s)� �̂(s)ei⇧0'L2
⌅
 Ce3s/2.



e3s/2

L̃ 1 < 3
2 w(y, s) = �̂(s)ei⇧0

s ✏ �⇣

w �
�ei⇧0 s0 ⌘ R (y, s) ⌘ R ⇤ R w(y, s) = �⇤(s � s0)ei⇧0

⌥0 ⌘ R

⌅ = 0

⌅ = 0

⌅ = 0 W
⌅ = 0

E(W (y, s0)) <
p� 1

2(p + 1)

↵�

RN

|W (y, s0)|2�(y)dy

� p+1
2

,

s0 ⌘ R W S > s0

⌅ = 0

a0 s0

E(wa0(., s0)) <
p� 1

2(p + 1)

↵�
wa0(y, s0)

2�(y)dy

� p+1
2

,

wa0(y, s) = w(y + a0e
s
2 , s),

wa0 s ⌘ R

⌅ ✓= 0

⌥0 = 0
⌅ = 0 w ✏ � s ✏ +⇣

�⇣



w(y, s) = �+
�

2ps
(1� 1

2
|y|2) + o(

1

s
) s ✏⇣.

L2
� L (|y| < R) R > 0

|y|  K
)

s
K > 0

sup
|y|<K

⌘
s

⌥⌥⌥⌥w(y, s)� f0(
y)
s
)

⌥⌥⌥⌥✏ 0 s ✏ +⇣,

f0 =
 
(p� 1) + (p�1)2

4p
|y|2
s

⌦� 1
p�1

0 =
1

2
� ·*f0(�)�

1

p� 1
f0(�) + |f0|p�1f0(�) � =

y)
s
,

f0 s ✏ ⇣

'⌧sf0 �
✏

⇥f0 +
1

2
� ·*f0 �

1

p� 1
f0 + |f0|p�1f0

⇣
'L⌅ = '⌧sf0 �⇥f0'L⌅  

C

s
.

y⌘
�s

yes/2

w(y, s) G
 

y⌘
�s

⌦
G(�) =

�
 
1� (p�1)

4(p�⇤2)�
2
⌦� (1+i⇥)

(p�1)
G

0 = �1

2
� ·*G(�)� 1 + i⌅

p� 1
G + (1 + i⌅)|G|p�1G.

f0 G

|y| < K0

)
�s K0 =

"
4(p�⇤2)
(p�1) G |y| = K0

)
�s

|y| < R |y| < �0

)
�s �0 < K0

�0 > 0

lims⌥� sup|y|⇧⇣0
⌘
�s

⌥⌥⌥w(y, s)�G
 

y⌘
�s

⌦⌥⌥⌥ = 0,

G(�) = �
 
1� (p�1)

4(p�⇤2)�
2
⌦� (1+i⇥)

(p�1)
.



�0 < K0 |G(�)| ✏ ⇣
� ✏ K0 �0 |G(�0)| ⌦ 3M |s0|

|w(�0

)
�s0, s0)| ⌦ 2M,

s ✏⇣
� = 0 f0 � = 0

�0

�0 w(y, s)

sup
|y� ⌥0

2

⌘
�s0|⇧4|s0|1/4

⌥⌥⌥w(y, s0)�G(
�0

2
)
⌥⌥⌥✏ 0 s0 ✏ �⇣.

� > 0

sup
s0⇧s⇧s⇥0�⌅

⌥⌥⌥w(
�0

2

)
�s0, s)�W⇣0(s)

⌥⌥⌥✏ 0 s0 ✏ �⇣,

s⇤0 < +⇣ W⇣0(s)
W⇣0(s0) � G( ⇣02 ) W⇣0

W⇣0(s) = �

↵
1� es�s0

(p� 1)�2
0

16(p� ⌅2)

�� (1+i⇥)
p�1

s = s⇤0 � log
 

(p�1)⇣20
16(p�⇤2)

⌦
> s0 �0

s⇤0 = s0 � ⌃0 ⌃0 > 0 |W⇣0(s
⇤
0 � ⌃0)| ⌦ 3M

|w( ⇣02
)
�s0, s

⇤
0 � ⌃0)| ⌦ 2M

w � �ei⇧0 w � �⇤(s� s0)ei⇧0 s0 ⌥0 �⇤



M > 0
w(y, s) (y, s) ⌘ R⇤ R

'w(y, s)'L⌅  M.

⌅�0(M) > 0 |⌅|  ⌅�0(M) w
s

s ✏ �⇣ w ✏ 0 w {�ei⇧|⌥ ⌘ R}
w � 0

�ei⇧(s) ⌥(s)
w � �ei⇧0 w � �⇤(s� s0)ei⇧0 s0 ⌥0 �⇤

w(y, s) s ✏ ⇣
w ✏ 0 s ✏ �⇣

w s ✏ �⇣

0 �ei⇧ ⌥ ⌘ R
w s ✏ �⇣

M > 0 ⌅�0(M)
|⌅|  ⌅�0 w (y, s) ⌘ R ⇤ R

|w(y, s)|  M ('w(s)' � 0)
�
inf⇧⌦R 'w(s)� �ei⇧' ✏ 0

⇥
s ✏ �⇣

(⌅, ⇧) (0, 0) (�, ⇤)

(⌅, ⇧) ✏ (�, ⇤) �⇣ (⌅, ⇧) ✏ (0, 0) +⇣.

w � �ei⇧



L0v =
1

�
div(�*v) = ⇥v � 1

2
y ·*v,

L0w �
(1 + i⌅)

p� 1
w,

C {�m
2 �

(1+i⇤)
p�1 |m ⌘ N}

p = q = p0

⌅ = 0

⌅ = 0 p w ⌘ L (RN⇤R, C)

⌧w

⌧s
= ⇥w � 1

2
y ·*w � w

p� 1
+ |w|p�1w.

w � 0
�⌥ ⌘ R w(y, s) = �ei⇧

s0 ⌘ R (y, s) ⌘ RN⇤R w(y, s) = �(s�s0)ei⇧0

⌥0 ⌘ R
�(s) = �(1 + es)�

1
p�1 .

�

�s = � �

p� 1
+ �p,

� ✏ � s ✏ �⇣ � ✏ 0 s ✏ ⇣

L2
�

M > 0 ⌃0 C0 M0

|⌅|  1 v

t ⌘ [0, 1), 'v(t)'L⌅  M(1� t)�
1

p�1 |x0|  1 'wx0(., 0)'L2
⌅
 ⌃,

0 < ⌃  ⌃0

y =
x� x0)

1� t
s = � log(1� t) wx0(y, s) = (1� t)

1+i⇥
p�1 v(x, t),



|x0|  1 s ⌘ [0, +⇣)

'wx0(., s)'L2
⌅
 C0⌃e

� s
p�1 .

|x|  1 t ⌘ [0, 1) |v(x, t)|  M0

L ◆(y, s)

s ⌘ [a, b], y ⌘ R, ◆s  (L+ ✏)◆ 0  ◆(y, s),

a  b ✏ ⌘ R

L◆ = ⇥◆ � 1

2
y ·*◆ + ◆ =

1

�
div(�*◆) + ◆.

r > 1 C⇤ = C⇤(r,✏) > 0 s⇤ = s⇤(r) > 0

s ⌘ [a + s⇤, b],

↵�

R
|◆(y, s)|r�(y)dy

�1/r

 C⇤'◆(., s� s⇤)'L2
⌅
.

�

M > 0 |⌅|  1 v
⌃ > 0 |x0|  1

w wx0 w
w�

I
⇤
(s)  � 2

p� 1
I(s) +

�
|w(y, s)|p+1�(y)dy I(s) =

�
|w(y, s)|2�(y)dy.

w = w1 + iw2 ⇥wi · sgn(wi)  ⇥|wi|
i = 1, 2 w

⌧s(|w1|+ |w2|)  ⇥(|w1|+ |w2|)�
y

2
·*(|w1|+ |w2|) + C(|w1|+ |w2|),

C = C(M) > 0
C⇤(M) > 0 s⇤ = s⇤(p + 1) > 0

s ⌦ s⇤

�
|w(y, s)|p+1�(y)dy  C⇤'w(., s� s⇤)'p+1

L2
⌅

0  s  s⇤ w M > 0

I
⇤
(s)   I(s)  =  (M) > 0,



I(s)  e⌥sI(0)  e⌥s⌃2  C2
0
2 ⌃

2e�
2s

p�1 C2
0 = 2e(⌥+ 2

p�1 )s⇥

0  s  s⇤

s ⌦ s⇤ s ⌦ s⇤

s1 > s⇤

I(s) < (C0⌃)
2e�

2s
p�1 s⇤  s < s1

I(s1) = (C0⌃)
2e�

2s1
p�1 .

F (s) = I(s)(C0⌃)�2e
2s

p�1

s⇤  s  s1

F
⇤
(s)  C⇤(C0⌃)

�2e
2s

p�1 I(s� s⇤)
p+1
2

 C⇤(C0⌃)
p�1e

2s
p�1 e�(s�s⇥) p+1

p�1  C⇤(C0⌃)
p�1e

p+1
p�1 s⇥e�s.

F (s⇤)  1
2

F (s1)  C⇤(C⌃)p�1e
p+1
p�1 s⇥ �e�s⇥ � e�s1

⇥
+ F (s⇤),

 C⇤(C⌃)p�1e
2s⇥
p�1 +

1

2
 3

4
,

⌃  ⌃0(M)

|x0|  1 R > 0 |y| < R |wx0(y, s)|  M0e
� s

p�1 t ⌘ [0, 1)
|v(x0, t)|  M0 M0 = M0(M) �

inf�⌘R 'w(., s)� �ei�'L2
�
✏ 0 s ✏ �⇣

w �ei⇧0 s ✏ �⇣
L2
� w

�ei⇧

s ✏ �⇣  = 1 1/2 0
w

 = 1
w = �ei⇧0 w = �⇤(s� s0)ei⇧0 ⌥0 ⌘ R s0 ⌘ R �⇤

 = 1/2  = 0

w



s1 ⌘ R ⌥ ⌘ C1((�⇣, s1], R)
s  s1

⌧
(⇠(v)� ⌅⌫(v))� = 0 v

w(y, s) = ei⇧(s)(v(y, s) + �) � = (p� 1)�
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⌅
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⌅

'v(., )'L2
⌅

= 'w(., s)� �ei⇧(s)'L2
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⌅
,

'v(., s)'L2
⌅
✏ 0 s ✏ �⇣
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⇤
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⇤
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⌅
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4(p� ⌅2)s
(y2�2)'L2

⌅
= O(

log |s|
s2

) ⌥
⇤
(s) =

(1 + ⌅2)⌅�

4(p� ⌅2)2
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⇣
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s2
0
 C log |s|

s1�⇧ ✏ 0

s ✏ �⇣ ✏ =
1

100
N2

R1
⌘
�s(Z(., s)) = o(1) s ✏ �⇣
�

Z(y, s) |y|  R2

)
�s NR1

⌘
�s⇤(Z(s�)) R2 = �0

R1 = 2�0 s� < s

Z(., s)  
⇧
eCR0S(R0)Z(., s�R0)

⌃

+

✏
C

� s

s�R0

eC(s��)S(s� ⇣)

↵
(y2 + 1)

⇣ 2
+ ✓⇣0

�
d⇣

⇣

�
✏

2

� s

s�R0

eC(s��)S(s� ⇣) (div((|↵̃1|+ |↵̃2|)*⇤)) d⇣

⇣

= M1 +M2 +M3 R0 = 4�0,



S L M1

M2

s0 s  s0

sup
|y|⇧R2

⌘
�s

|M2| = sup|y|⇧R2
⌘
�s

⌧ s

s�R0

� |y|2+1
s2 + ✓⇣0

⇥
 C

|s| ,

sup
|y|⇧R2

⌘
�s

|M1| = sup|y|⇧R2
⌘
�s |eCR0S(R0)Z(., s�R0)| = o(1) s ✏ �⇣.

�
M3

|S(s� ⇣) (�div((|↵̃1|+ |↵̃2|)*⇤))|

=

⌥⌥⌥⌥
Ces��

(1� es�� )1/2

�

R
exp

↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
div((|↵̃1|+ |↵̃2|)*⇤)d 

⌥⌥⌥⌥ ,

=

⌥⌥⌥⌥
Ces��

(1� es�� )1/2

�

R
�(ye�(s��)/2 �  )

2(1� e�(s��))
exp

↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
(|↵̃1|+ |↵̃2|)*⇤d 

⌥⌥⌥⌥ ,

 Ces��

(1� es�� )3/2

�

R
|ye�(s��)/2 �  | exp

↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
✓⇣0d ,

 Ces��)�⇣
(1� es�� )3/2

�

R
exp

↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
✓⇣0d .

z = (1� e�(s��))�1/2( � e�(��s)/2y)
�

R
exp

↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
✓⇣0d  (1� es�� )1/2

�

�

e�z2/4dz,

⇤ =
⇧
z ⌘ R :

⌥⌥z + e�(��s)/2(1� es�� )�1/2y
⌥⌥ ⌦ 3�0(1� es�� )�1/2

)
�⇣

⌃
.

|ye�(��s)/2|  �0

)
�s ⇤ �

⇧
z ⌘ R : |z| ⌦ �0

)
�s

⌃

|S(s� ⇣) (�div((|↵̃1|+ |↵̃2|)*⇤))|  Ces��

(1� es�� )
e⇥s ⇥ > 0,

sup
|y|⇧R2

⌘
�s

|M3| = o(
1

|s|) s ✏ �⇣.

Mi=1..3

�

⌥0 = 0,

⌥0

⌥0 = 0



�0 > 0

lim
s⌥� 

sup
|y|⇧⇣0e�s/2

⌥⌥w(y, s)�G(yes/2)
⌥⌥ = 0 G(�) = �(1� C1�

�p�)�
(1+i⇥)
(p�1) .

us0

us0(�, ⇣) = (1� ⇣)�
1+i⇥
p�1 w(y, s) y =

� + ⇣0
2 e�s0/2

)
1� ⇣

s = s0 � log(1� ⇣).

us0 ⇣ ⌘ [0, 1) � ⌘ R us0

⇣ = 0 us0(�, 0) = w(� + ⇣0
2 e�s0/2, s0)

⇣ ⌘ [0, 1) 'us0(., ⇣)'L⌅  M(1� ⇣)�
1

p�1 .

sup
|⌦|<4e�s0/4

|us0(�, 0)�G(�0/2)| � g(s0) ✏ 0 s0 ✏ �⇣.

v
✏

v� = (1 + i⌅)|v|p�1v,
v(0) = G( ⇣02 ),

v(⇣) = �
�
1� C1�

�p ⇣0
2 � ⇣

⇥� (1+i⇥)
p�1 1� C1�

�p ⇣0
2 < 1

⇣0 < 1 |v(⇣0)| = 2M(1�⇣0)�
1

p�1

z = |⌫(us0 � v)|+ |⇠(us0 � v)| ⇣ ⌘ [0, ⇣0]
� ⌘ R

⌧�z  ⇥z + C(�0)z.

z ⇣ ⌘ [0, ⇣0] B2 = B2(�0) = M(1� ⇣0)
� 1

p�1

B1 = e�s0/4 ⇣⇤ = ⇣0 z0 = g(s0)  = C(�0) µ = 0
⇣ ⌘ [0, ⇣0]

sup
|⌦|⇧e�⌥0/4

|z(�, ⇣)|  eC(⇣0)�0(g(s0) + CB(�0)e
�e�|s0|/2/4) ✏ 0 s0 ✏ �⇣

�0 ⇣0 = ⇣0(�0) s0

|s0| � = 0 |z(0, ⇣0)|  M
2 (1� ⇣0)

� 1
p�1

|us0(0, ⇣0)| ⌦
3

2
M(1� ⇣0)

� 1
p�1 ,



f(y, s) = G(yes/2) f

�⌧sf �
1

2
y ·*f � (1 + i⌅)

f

(p� 1)
+ (1 + i⌅)|f |p�1f = 0.

�0 ⌘ (0, R⇥

10 ) R⇤ =
�p

C1
�0

⇤(y, s) = ⇤0(yes/2) ⇤0 ⌘ C (R) ⇤0(�) = 1
|�|  3�0 ⇤0(�) = 0 |�| ⌦ 4�0 ↵ = (w � f) Z = ⇤ (|↵̃1|+ |↵̃2|)

'Z'  Ces(1�⇣) s ✏ �⇣ � > 0.

L2
� �0 > 0

Z s  s⇤ y ⌘ R

⌧sZ �⇥Z +
1

2
y ·*Z � (1 + ✏)Z  C(Z2 + es + ✓⇣0)� 2div((|↵̃1|+ |↵̃2|)*⇤),

s⇤ ⌘ R ✏ = 1
100

✓⇣0(y, s) = 1 |y|es/2 ⌦ 3�0

N2
2⇣0e�s/2(Z(s)) = o(1) s ✏ �⇣.

Z(y, s) |y|  �0e
�s/2

sup
|y|⇧⇣0e�s/2

Z(y, s) = o(1) s ✏ �⇣.

N2
r(s,s0) r(s, s0)

s0 < 2s⇤ s0  s  s0
2

N2
r (Z(., s))  N2

r (S�(s� s0)Z(., s0)) + C
⌧ s

s0
N2

r (S�(s� ⇣)(Z(., ⇣)2))d⇣

+C

� s

s0

N2
r (S(s� ⇣)(e� ))d⇣ + C

� s

s0

N2
r (S�(s� ⇣)(✓⇣0(., ⇣)))d⇣

�2

� s

s0

N2
r (S�(s� ⇣)(div((↵̃1|+ |↵̃2|)*⇤)))d⇣

= J1 + J2 + J3 + J4 + J5.



I

|J1|  Ce(s�s0)(1+�)es0(1�⇣),

|J2|  C

� s0+((s�R0)�s0)+

s0

e(s���R0)(1+�)

(1� es���R0)1/20

�
N2

r (Z(., s)2)
⇥
d⇣ + Ce(s�s0)(1+�)es

R0 = 4�0,

|J3|  Ce(s�s0)(1+�)es,

|J4|  Ce(s�s0)(1+�)e��e�s
� > 0,

|J5|  Ce(s�s0)(1+�)e�⇥e�s
⇥ > 0.

Ji=1..4 J5

�
Ji=1..5

N2
r (Z(., s))  

Ce(s�s0)(1+�)e(1�⇣)s + C
⌧ s0+((s�R0)�s0)+

s0

e(s�⌃�R0)(1+⇧)

(1�es�⌃�R0 )1/20

�
N2

r (Z(., s)2)
⇥
d⇣,

N2
r(s,s0)(Z(., s))  Ce(s�s0)(1+�)e(1�⇣)s s ✏ �⇣

s0  s  s0
2 s = s0/2 N2

r(s,s0)(Z(., s))  Ces(2(1�⇣)�(1+�))  
Ces(1�(2⇣+�)) ✏ 0 s ✏ �⇣ ⇧ ✏ = 1

100
�

w � �ei⇧0 w � �⇤(s� s0)ei⇧0

s0 ⌥0 �⇤

I

⌅ ✓= 0
⌅ = 0

⌅ = 0

t ⌘ [0, T )

'u(t)'L⌅ ⌦ �(T � t)�
1

p�1 .



v� = (1 + i⌅)|v|p�1v
� > 0 �̃ =

!
�+ |u|2 �̃

⌧t�̃  ⇥�̃+ �̃p.

⌧t|u|2 = ū⇥u + u⇥ū + 2|u|p+1

⌧t�̃ =
⌧t|u|2

2(�+ |u|2)1/2
,

⇥�̃ =
⇥|u|2

2(�+ |u|2)1/2
� |*|u|2|2

4(�+ |u|2)3/2
,

=
ū⇥u + u⇥ū + 2|*u|2

2(�+ |u|2)1/2
� |u ·*ū + ū ·*u|2

4(�+ |u|2)3/2
.

|u ·*ū + ū ·*u|2  4|u|2|*u|2  4(�+ |u|2)|*u|2

⇥�̃ ⌦ ū⇥u + u⇥ū

2(�+ |u|2)1/2

⌧t�̃  ⇥�̃+
|u|p+1

(�+ |u|2)1/2
 ⇥�̃+ �̃p,

'�̃(t)'L⌅ ⌦ �(T � t)�
1

p�1 t ⌘ [0, T ).

'�̃(t0)'L⌅ < �(T � t0)
� 1

p�1 t0 < T T0 > T

'�̃(t0)'L⌅  �(T0 � t0)
� 1

p�1 '�̃(t)'L⌅  
�(T0 � t)�

1
p�1 t ⌘ [t0, T )

lim sup
t⌥T

'�̃(t)'L⌅  �(T0 � T )�
1

p�1 <⇣,

�✏ 0
�

|⌅|  ⌅0 u(t)
T > 0

t ⌘ [0, T ) 'u(t)'L⌅  M(⌅)(T � t)�
1

p�1 ,

⌅0 M(⌅)
u(t)

u� = (1 + i⌅)|u|p�1u



I

L2
�

�0 > 0 (xn, tn)n⌦N
R⇤ [T

2 , T )

n ⌘ N |⇥u(xn, tn)| ⌦ �0|u(xn, tn)|p + n.

'⇥u'L⌅

[T
2 , T )

T � tn ✏ 0 n ✏⇣.

|u(xn, tn)|(T�tn)
1

p�1

n ✏ +⇣

|u(xn, tn)|(T � tn)
1

p�1 ✏ �0 > 0

'⇥u(tn)'L⌅ ⌦ |⇥u(xn, tn)| ⌦ �0

��0

2

⇥p
(T � tn)�

p
p�1 ,

tn ✏ T

u(xn, tn)(T � tn)
1

p�1 ✏ 0
n

|u(xn, tn)|(T � tn)
1

p�1  ⌃0

3
⌃0 .

t0n ✏ T

(T � t0n)�
p

p�1 =
)

n.

n  |⇥u(xn, tn)|  C0(T � tn)�
p

p�1 ,

t0n < tn
t�n ⌘ (t0n, tn)

|u(xn, t
�
n)|(T � t�n)

1
p�1 = 2

3⌃0

vn(�, ⇣) = (T � t�n)
1

p�1 u(xn + �
!

T � t�n, t
�
n + ⇣(T � t�n)),

|vn(0, 0)| = 2

3
⌃0 '*vn(0)'L⌅ + '⇥vn(0)'L⌅ ✏ 0,

⇣ < 1 'vn(⇣)'L⌅  M(⌅)(1� ⇣)�
1

p�1 ⌧�vn = ⇥vn + (1 + i⌅)|vn|p�1vn.



tn
vn(�, ⇣) ✏ v̂(�, ⇣) C2,1 R⇤ (�⇣, 1)

⌧� v̂ = ⇥v̂ + (1 + i⌅)|v̂|p�1v̂ |v̂(0, 0)| = 2/3⌃0 'v̂'L⌅  M(⌅)(1� ⇣)�
1

p�1 .

v̂(�, ⇣) = �

⌘↵
3�

2⌃0

�p�1

� ⇣

✓� 1+i⇥
p�1

ei⇧0 ⌥0 ⌘ R.

vn ✏ v̂ ⇣ ⌘ [0, 1)
� = 0

vn

|⇥vn(0, ⇣n)| = (T � t�n)
p

p�1 |⇥u(0, tn)| ⌦ �0

2
|u(0, tn)|p(T � t�n)

p
p�1 ⌦ �0

2
|vn(0, ⇣n)|p,

⇣n = tn�t
⇤
n

T�t⇤n
n ✏⇣

0 ⌦ �0

2
min
�⌦[0,1]

|v̂(⇣)|p ⌦ �0

2

↵
2

3
⌃0

�p

,

y =
� � �0)
1� ⇣

s = � log(1� ⇣) wn,⌦0(y, s) = (1� ⇣)
1

p�1 vn(�, ⇣),

|�0|  1 'wn,⌦0(., 0)'L2
⌅
 ⌃0 n

|�|  1 ⇣ ⌘ [0, 1) |vn(�, ⇣)|  M0

n0 ⌘ N n ⌦ n0 t ⌘ [t0n, tn]

(T � t)
1

p�1 |u(xn, t)| <
2

3
⌃0.

t�n = t0n vn

|�|  1 ⇣ ⌘ [0, 1), |vn(�, ⇣)|  M0, |⇥vn(0, ⇣n)|  C0⌃0 ⇣n =
tn � t0n
T � t0n

.

n  |⇥un(xn, tn)| = (T � t0n)�
p

p�1 |⇥vn(0, ⇣n)|  C0⌃0(T � t0n)�
p

p�1 = C0⌃0

)
n,

n ✏⇣
�



ṽ1s = Lṽ1 + ⌥
⇤
(s)(⌅ṽ1 + ṽ2) + G̃1,

ṽ2s = (L� 1)ṽ2 � ⌥
⇤
(s)((1 + ⌅2)ṽ1 + ⌅ṽ2 + �) + G̃2,

L

G̃1 =
p� ⌅2

2�
ṽ2

1 +
1

2�
ṽ2

2 + O(|v|3),

G̃2 = (1 + ⌅2)
ṽ1(⌅ṽ1 + ṽ2)

�
+ O(|v|3).

⌧s(ṽ1, ṽ2) = (Lṽ1, (L� 1)ṽ2) ṽ12

ṽ20 = 0
ṽ1 ṽ2

L  = 1  = 1/2   �1/2
L� 1   �1/2

ṽ1+(y, s) = ṽ10(s)h0(y) + ṽ11(s)h11(y) z(s) = 'ṽ1+(., s)'L2
⌅
,

ṽ1null(y, s) = ṽ12(s)h2(y) x(s) = 'ṽ1null(., s)'L2
⌅
,

ṽ1�(y, s) =
�+ 

3 ṽ1m(s)hm(y) y1(s) = 'ṽ1�(., s)'L2
⌅
,

ṽ2↵(y, s) =
�+ 

1 ṽ2m(s)hm(y), y2(s) = 'ṽ2↵(., s)'L2
⌅
.

ṽ20(s) = 0

ṽ2↵(y, s) = ṽ2(y, s) y2(s) = 'ṽ2(., s)'L2
⌅
.

N1(s) = '⌥s(⌅ṽ1 + ṽ2) + G̃1'L2
⌅
,

N2(s) = '⌥s((1 + ⌅2)ṽ1 + ⌅ṽ2 + �) + G̃2'L2
⌅
,

z x s ✏ �⇣
z

x



'ṽ1+(., s)'L2
⌅

'ṽ1null(., s)'L2
⌅

s ✏ �⇣

L L2
�

ṽ1+

ż ⌦ 1

2
z �N1.

ṽ10(s) ṽ1�(y, s) ṽ2(y, s)

ż ⌦ 1
2z �N1,

|ẋ|  N1,
ẏ1  �1

2y1 + N1,
ẏ2  �1

2y2 + N2.

v

N2
1 + N2

2  C

�
|v|4�,

C

ż ⌦ 1
2z � CN

|ẋ|  CN
ẏ  �1

2y + CN,

y � y1 + y2 N2 �
�
|v|4�.

|s|

N  �(x + y + z),

⌧
|v|4�  �2

⌧
|v|2�

L2
��

|v|2 |v|
N � > 0 � > 0

s⇤
�
|v|4� =

�

|y|>��1

|v|4�+

�

|y|<��1

|v|4�  �k

�
|v|4|y|k�+ �2

�
|v|2� s  s⇤.

v(y, s) |y| < ��1

k

J2 �
�
|v|4|y|k�,



�
|v|4�  �kJ2 + �2

�
|v|2� s  s⇤.

N  �k/2J + �(x + y + z) s  s⇤.

J ṽ1|v|2|y|k� ṽ2|v|2|y|k�
R

J̇  �⌥J + �
⇤
(x + y + z) + c(x + y + z)2,

⌥ =
k

4
� c� k�2

2
(k � 1) �� =

1

2
��2�k/2k(k + n� 2).

x, y, z ✏ 0 s ✏ �⇣

J̇  �⌥J + 4��(x + y + z),

⌥ c
k k > 4 �⇤(k) > 0

0 < � < �⇤ ⌥ ⌦ 1
2

ż ⌦ (1
2 � �̂)� �̂(x + ỹ),

|ẋ|  �̂(x + ỹ + z),
˙̃y  �(1

2 � �̂)ỹ + �̂(x + z)

ỹ � y + J ⇧̂ � C max(�+ ��2�k/2,�k/2).

�̂ � �

x(s) y(s) z(s)

(x, y, z)(s) ✏ 0 s ✏ �⇣
c0 ⌘ R � > 0 s0 ⌘ R s  s0

ż ⌦ c0z � �(x + y)
|ẋ|  �(x + y + z)
ẏ  �c0y + �(x + z).

x + y = o(z) y + z = o(x) s ✏ �⇣

c0 = 1
� > 0

�s2(�) s  s2 z(s) + y(s)  C�x(s),



�s2(�) s  s2 x(s) + y(s)  C�z(s).

s  s0(�) ⇥(s)  0 ⇥ = y�2�(x+z)
s⇤  s0(�) ⇥(s⇤) > 0 s  s⇤ ⇥(s) > 0

⇥̇ = ẏ � 2�(ẋ + ż)  0 s  s⇤ ⇥(s) ⌦ ⇥(s⇤) > 0
⇥(s) ✏ 0 s ✏ �⇣ s  s0(�)

y  2�(x + z).

ż ⌦ 1

2
z � 2�x,

|ẋ|  2�(x + z).

⇤(s) = 8�x(s)� z(s)
s2  s0(�) ⇤(s2) > 0 ⇤̇ = 8�ẋ� ż  

16�2(x + z) � 1
2z + 2�x = ⇤(s)

�
1
4 + 2�

⇥
� z(s)

�
1
4 � 2�� 16�2

⇥

s  s2 ⇤(s) ⌦ ⇤(s2)e(
1
4�2⇣)(s�s2) > 0 8�x(s) > z(s)

s  s0(�) ⇤(s)  0 8�x(s)  z(s)

s  s0(�) ż ⌦ 1

4
z ẋ  

↵
2�+

1

4

�
z ẋ  (1 + 8�)ż.

x(s)  (8� + 1)z(s)
ẋ  2�(x+z)  2�z(2+8�)  8�(2+8�)ż(s) x(s)  8�(2+8�)z(s)

� > 0 �
⇤
< �

�

'ṽ12'L2
⌅
+ 'ṽ1�(., s)'L2

⌅
+ 'ṽ2(., s)'L2

⌅
= o('ṽ1+(., s)'L2

⌅
)

'ṽ1+(., s)'L2
⌅
+ 'ṽ1�(., s)'L2

⌅
+ 'ṽ2(., s)'L2

⌅
= o('ṽ12'L2

⌅
).

'ṽ1+(., s)'L2
⌅

'ṽ1null(., s)'L2
⌅
+'ṽ1�(., s)'L2

⌅
+'ṽ2(., s)'L2

⌅
= o('ṽ1+(., s)'L2

⌅
)

ṽ10 ṽ11⌧
G̃1km(y)�(y)dy m = 0, 1

km(y) = hm(y)/'hm'2
L2

⌅

G̃1



⇥0 > 0 k� > 4 ⇥ ⌘ (0, ⇥0)
�s0 ⌘ R s  s0

⌧
v2|y|k⇤�  c0(k�)⇥4�k⇤z(s)2

⌅ = 0
�

k0(y) k1(y)

ṽ�10(s) = ṽ10(s) +
p� ⌅2

2�
(1 + �(s))z2(s),

ṽ�11(s) =
1

2
ṽ11(s) + ⌃(s)z(s)2,

z(s) = 'ṽ1+(., s)'L2
⌅
�(s) ✏ 0 s ✏ +⇣ ⌃

� > 0 ṽ10(s) = O(e(1�⇣)s) ṽ11 = C1e
s
2 + O(e(1�⇣)s).

z(s)2 = 'ṽ1+(., s)'2
L2

⌅
= ṽ2

10 + 2ṽ2
11

ṽ�10(s) = ṽ10(s) +
p� ⌅2

�
|C1|2es(1 + �(s)) + ⇤(s),

⇤(s) = O(e( 3
2�⇣)s) �(s) ✏ 0 s ✏ �⇣

ṽ10(s) =
p� ⌅2

�
|C1|2ses(1 + o(s)) + C0e

s + O(e( 3
2�⇣)s), s ✏ �⇣.

C1 ✓= 0 ṽ11 � C1e
s
2 � ṽ10 = O(ses)

|v1|+ |v2|
v |s| s < 0

N2 =

�
|v(y, s)|4�(y)dy  C ⌅ 'v(., s� s⇤)'2

L2
⌅
,

s⇤ C⇤

ẏ  �1
2y + c'v(., s� s⇤)'2

L2
⌅
 

�1
2y + ces y = O(es) x = 'ṽ1null(., s)'L2

⌅
=

O(es) 'v(., s)� (1 + i⌅)C1e
s/2y'L2

⌅
= O(es(1�⇣)) s ✏ �⇣

� > 0 |⌥s|  Ces

C1 = 0
v ⇤(s) = O(e2(1�⇣)s)

ṽ10 = C0e
s + O(e3s/2) ṽ11 = O(e3s/2)



y = 'ṽ1�(., s)'L2
⌅

+ 'ṽ2(., s)'L2
⌅

x = 'ṽ1null(., s)'L2
⌅

ẏ  �1

2
y + c'v(., s� s⇤)'2

L2
⌅
 �1

2
y + ce2s.

y = 'ṽ1�(., s)'L2
⌅
+ 'ṽ2(., s)'L2

⌅
= O(e3s/2)

x = 'ṽ1null(., s)'L2
⌅

= O(e3s/2)

'v(., s)� (1 + i⌅)ṽ10(s)'L2
⌅

= '(1 + i⌅) (ṽ11(s) + ṽ1,null(., s) + ṽ1�(., s)) + iṽ2(., s)'L2
⌅

= O(e3s/2).

|⌥⇤(s)|L2
⌅
 Ce2s

'ṽ1null(., s)'L2
⌅

'ṽ1+(., s)'L2
⌅
+ 'ṽ1�(., s)'L2

⌅
+ 'ṽ2(., s)'L2

⌅
= o('ṽ1null(., s)'L2

⌅
)

v(y, s) = �(1 + i⌅)
�

4(p� ⌅2)s
(y2 � 2) + o(

1

s
),

L2
� s ✏ �⇣

ṽ1null = ṽ12(s)h2(y) ṽ12 =
⌧

ṽ1k2�
h2(y)

d

ds
(ṽ12) =

p� ⌅2

2�

�
ṽ2

1k2(y)�(y)

+⌥
⇤
(s)

�
(⌅ṽ1 + ṽ2)k2(y)�(y) +

�
1

2�
ṽ2

2k2(y)�(y) + O(

�
|v|3k2(y)�(y)),

=
p� ⌅2

2�

�
ṽ2

1nullk2(y)�(y)� p� ⌅2

2�

�
(ṽ2

1null � ṽ2
1)k2(y)�(y)

+⌥
⇤
(s)

�
(⌅ṽ1 + ṽ2)k2(y)�(y) +

�
1

2�
ṽ2

2k2(y)�(y) + O(

�
|v|3k2(y)�(y)),

� (p� ⌅2)

2�
8ṽ2

12 +
p� ⌅2

2�
E1 + E2 + E3 + E4,

⌧
ṽnullk2� = ṽ2

12

⌧
h2

2k2� = 8ṽ2
12 E1 E2 E3

E4



�0 > 0 k� > 4 � ⌘ (0,�0)
s0 ⌘ R s  s0

�
|v|2|y|k⇤�dy  c0(k

�)�4�k⇤
�

ṽ2
1null�dy.

�

ṽ1 = ṽ1� + ṽ1+ + ṽ1null

|E1|  
⌧
|ṽ1+ + ṽ1�|⇤ |ṽ1 + ṽ1null||k2(y)|�,

 c

↵�
|ṽ1+ + ṽ1�|2�

�1/2
�↵�

ṽ2
1k

2
2(y)�

�1/2

+

↵�
ṽ2

1nullk
2
2(y)�

�1/2
�

.

�⌧
|ṽ1+ + ṽ1�|2�

⇥1/2
= o(ṽ12)

� �
ṽ2

1k
2
2(y)�

⇥1/2
+

� �
ṽ2

1nullk
2
2(y)�

⇥1/2  
↵�

|v|2k2
2�

�1/2

+ c|ṽ12| � I1 + I2.

E3 =

�
1

2�
ṽ2

2k2(y)�(y)  c

↵�
ṽ2

2�

�1/2 ↵�
ṽ2

2k
2
2�

�1/2

,

 o(ṽ12)

↵�
|v|2k2

2�

�1/2

& %$ '
I1

.

I1

�
ṽ2

1k
2
2�  c

�
|v|2�+ c

�
|v|2|y|k⇤�  c(

�
|v|2�)  cṽ2

12.

E1 = o(ṽ2
12) E3 = o(ṽ2

12) E2 = o(ṽ2
12)

E4 � ⌘ (0,�0)
m = 0 m = 2

�
|v|3|y|m�dy  

�

|y|⇧��1

|v|3|y|m�dy +

�

|y|⌃��1

|v|3|y|m�dy,

 ���m

�

|y|⇧��1

|v|2�dy + CM�k⇤�m

�

|y|⌃��1

|v|2|y|k⇤�dy,

 C(���m + Mc0(k
�)�4�m)

�
ṽ2

null�dy,

|v| ✏ 0 s ✏ �⇣ L (B(0,��1)) |v(y, s)|  M⌧
|v|2�dy  

⌧
ṽ2

null�dy � �



s  s0

⌧
|v|3|y|m�  �

⌧
ṽ2

null� E4 = o(ṽ2
12)

d

ds
(ṽ12) =

(p� ⌅2)

�
4ṽ2

12 + o(ṽ2
12).

ṽ1null = � �

4(p� ⌅2)s
(1 + o(1))

�
y2 � 2

⇥
.

�

O( log(|s|)
s2 )

y�  �1

2
y + c'v(., s� s⇤)'2

L2
⌅
 �1

2
y + c

1

s2
.

(yes/2)�  C
es/2

s2
�⇣ s y  C

s2

z = 'ṽ1+(., s)'L2
⌅

(ze�s/2)� ⌦ C
es/2

s2
s s0 ⌦ s

z  C

s2

d

ds
(ṽ12) =

p� ⌅2

2�

�
ṽ2

1nullk2(y)�(y)� p� ⌅2

2�

�
(ṽ2

1null � ṽ2
1)k2(y)�(y)

+⌥
⇤
(s)

�
(⌅ṽ1 + ṽ2)k2(y)�(y) +

�
1

2�
ṽ2

2k2(y)�(y) + O

↵�
|v|3k2(y)�(y)

�
,

� 4(p� ⌅2)

�
ṽ2

12 +
p� ⌅2

2�
E1 + E2 + E3 + E4.

|E1|  
⌧
|ṽ1+ + ṽ1� + ṽ2|⇤ |v + ṽ1null||k2(y)|�,

 
↵�

|ṽ1+ + ṽ1� + ṽ2|2�
�1/2

�↵�
v2k2

2(y)�

�1/2

+

↵�
ṽ2

1nullk
2
2(y)�

�1/2
�

,

 �

↵�
ṽ2

1null�

�1/2
�

c

↵�
v4�

�1/4

+ c

↵�
ṽ2

1null�

�1/2
�

.

'ṽ1null(., s)'L2
⌅
↵ C

s
�

v4�  c

↵�
v2(., s� s⇤)�

�2

 c

(s� s⇤)2
 c

s2
.

E1  
C

s3
E2  

C

|s|3 E3  y2  C

s4
E4  

C

|s|3

d

ds
(ṽ12) =

4(p� ⌅2)

�
ṽ2

12 + O(
1

s3
) =

4(p� ⌅2)

�
ṽ2

12

↵
1 + O(

1

s
)

�
.



ṽ12 = � �

4(p� ⌅2)s
+ O(

log |s|
s2

).

'v(., s) � (1 + i⌅) ⌃
4(p�⇤2)s(y

2 � 2)'L2
⌅

= O( log |s|
s2 ) s ✏ �⇣

⌥
⇤
(s)

�dy

⌥
⇤
(s)

�
((1 + ⌅2)ṽ1 + ⌅ṽ2 + �)� =

�
G̃2�.

((1 + ⌅2)ṽ1 + ⌅ṽ2 + �) = � + O(
1

s
)

�
G̃2� =

(1 + ⌅2)⌅

�

�
ṽ2

1�+
(1 + ⌅2)

�

�
ṽ1ṽ2�,

⌧
ṽ1ṽ2� = O( log |s|

s3 )

�
ṽ2

1� =

�
ṽ2

12h
2
2�+

� �
ṽ2

1 � ṽ2
12h

2
2

⇥
�

= 8ṽ2
12 +

�
((ṽ1 � ṽ12h2)) (ṽ1 + ṽ12) �,

ṽ12 = ⌃
4(p�⇤2)s + O( log |s|

s2 )
⌧

((ṽ1 � ṽ12h2)) (ṽ1 + ṽ12) �  C log |s|
s2 ⇤ 1

s = C log |s|
s3

⌥
⇤
(s) =

(1 + ⌅2)⌅

�

↵
�

2(p� ⌅2)

�2 1

s2
+ O(

log |s|
s3

).

⌥�(s)
�

Z

Z Z
⌘ : C ✏ C ⌘(x) = |x|p�1x

↵ = (w � F ) F
↵ (y, s) ⌘ R⇤ R |y| < 4�0

)
�s

⌧s↵ = (L� 1)↵ + l(↵) + B(↵) + R(y, s),

L ↵ = ↵1 + i↵2

l(↵) = (1 + i⌅)
�
�  

p�1 + (p� 1)|F |p�3F (F1↵1 + F2↵2) + |F |p�1↵
 
,

B(↵) = (1 + i⌅) [⌘(F + ↵)� ⌘(F )� (p� 1)|F |p�3F (F1↵1 + F2↵2)� |F |p�1↵] ,
R(y, s) = �⌧sF + ⇥F � 1

2y ·*F � (1 + i⌅) F
p�1 + (1 + i⌅)|F |p�1F.



w F |y|  4�0

)
�s

s  s0 |y| < 4�0

)
�s

|B(↵)|  C|↵|2,
|R(y, s)|  C

 
|y|2+1

s2 + ✓⇣0

⌦
,

✓⇣0 ↵ = (1 + i⌅)↵̃1 + i↵̃2 B = (1 + i⌅)B̃1 + iB̃2

R = (1 + i⌅)R̃1 + iR̃2

⌧s↵̃1 = L↵̃1 + l1,1↵̃1 + l1,2↵̃2 + B̃1 + R̃1

⌧s↵̃2 = (L� 1)↵̃2 + l2,2↵̃2 + l2,1↵̃1 + B̃2 + R̃2,

⌫
⇢⇢⇢⇡

⇢⇢⇢⇠

l1,1(y, s) = (1� ⌅2)(|F |p�1 � 1
p�1) + (p� 1)|F |p�3(F1

2 � ⌅2F2
2)� 1,

l1,2(y, s) = �⌅(|F |p�1 � 1
p�1) + (p� 1)|F |p�3(F1 � ⌅F2)F2,

l2,1(y, s) = (1 + ⌅2)(|F |p�1 � 1
p�1) + (p� 1)|F |p�3(F1 + ⌅F2)F2,

l2,2(y, s) = (1 + ⌅2)(|F |p�1 � 1
p�1) + (p� 1)|F |p�3F2

2.

|y|  4�0

)
�s

|li,j(y, s)|  C min

�
(1 + |y2|)

|s| , 1

�
i, j ⌘ {1, 2}.

|s| |y|  4�0

)
�s

|li,j(y, s)|  C

✏
(1 + �2

0|s|)
|s| + ✓⇣0

⇣
 C

⇧
2�2

0 + ✓⇣0

⌃
.

sgn(↵̃1) sgn(↵̃2)
z = |↵̃1|+ |↵̃2| |s| |y|  4�0

)
�s

⌧sz �⇥z +
1

2
y ·*z � (1 + ✏)z  C

↵
z2 +

(y2 + 1)

s2
+ ✓⇣0

�
,

�0 ✏ = C�2
0 = 1

100
⇤ Z = z⇤ |s|

⌧sZ �⇥Z +
1

2
y ·*Z � (1 + ✏)Z  C

 
Z2 + (y2+1)

s2 + ✓⇣0

⌦

+z
 
⌧s⇤ �⇥⇤ +

y

2
·*⇤

⌦
� 2*⇤ ·*z,

⇤z2 = Z2 + (⇤ � ⇤2)z2  Z2 + C✓⇣0

z
�
⌧s⇤ � ⇥⇤ + y

2 · *⇤
⇥
� 2*⇤*z  

C✓⇣0 � 2div(z*⇤) |s|

⌧sZ �⇥Z +
1

2
y ·*Z � (1 + ✏)Z  C

↵
Z2 +

(y2 + 1)

s2
+ ✓⇣0

�
� 2div ((|↵̃1|+ |↵̃2|)*⇤) ,



Z
Z ↵ = w� f ↵

(y, s) ⌘ R⇤ R |y| < 4�0e
�s/2

⌧s↵ = ⇥↵ � 1
2y ·*↵ + l(↵) + B(↵) + R(y, s),

l(↵) = �(1 + i⌅)  
p�1 + (1 + i⌅) {(p� 1)|f |p�3f(f1↵1 + f2↵2) + |f |p�1↵} ,

B(↵) = (1 + i⌅) {|f + ↵|p�1(f + ↵)� |f |p�1f � (p� 1)|f |p�3f(f1↵1 + f2↵2)� |f |p�1↵} ,
R(y, s) = es⇥G(yes/2).

|s| |y|  4�0e
�s/2

|B(↵)|  C|↵|2, |R(y, s)|  Ces + ✓⇣0(y, s),

✓⇣0 ↵ = (1 + i⌅)↵̃1 + i↵̃2 B = (1 + i⌅)B̃1 + iB̃2

R = (1 + i⌅)R̃1 + iR̃2

⌧s↵̃1 = L↵̃1 + l1,1↵̃1 + l1,2↵̃2 + B̃1 + R̃1

⌧s ˜̄↵2 = (L� 1)˜̄↵2 + l2,2↵̃2 + l2,1↵̃1 + B̃2 + R̃2,

⌫
⇢⇢⇢⇡

⇢⇢⇢⇠

l1,1(y, s) = (1� ⌅2)(|f |p�1 � 1
p�1) + (p� 1)|f |p�3(f1

2 � ⌅2f2
2)� 1,

l1,2(y, s) = �⌅(|f |p�1 � 1
p�1) + (p� 1)|f |p�3(f1 � ⌅f2)f2,

l2,1(y, s) = (1 + ⌅2)(|f |p�1 � 1
p�1) + (p� 1)|f |p�3(f1 + ⌅f2)f2,

l2,2(y, s) = (1 + ⌅2)(|f |p�1 � 1
p�1) + (p� 1)|f |p�3f2

2.

|y|es/2  
4�0 s

|li,j(y, s)|  C min
⇤
|y|es/2, 1

⌅
i, j ⌘ {1, 2}.

✓⇣0 |s| |y|  4�0e
�s/2

|li,j|  C
⇧
|y|es/2 + ✓⇣0

⌃
 C {�0 + ✓⇣0} .

sgn(↵̃1) sgn(↵̃2)
z = |↵̃1|+ |↵̃2| |s| |y|es  4�0

⌧sz �⇥z +
1

2
y ·*z � (1 + ✏)z  C

�
z2 + es + ✓⇣0

⇥
,

✏ = C�0 = 1
100 ⇤ Z = z⇤

|s|

⌧sZ �⇥Z +
1

2
y ·*Z � (1 + ✏)Z

 C
�
Z2 + es + ✓⇣0

⇥
� z

 
⌧s⇤ �⇥⇤ +

y

2
·*⇤

⌦
+ 2*⇤*z.



z
�
⌧s⇤�⇥⇤+ y

2 ·*⇤
⇥
�2*⇤*z  

C✓⇣0 + 2div(z*⇤) |s|

⌧sZ �⇥Z +
1

2
y ·*Z � (1 + ✏)Z  C

�
Z2 + es + ✓⇣0

⇥
� 2div ((|↵̃1|+ |↵̃2|)*⇤) ,
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�
⌧tu = ⌧2

xu�
1

u⇥
R⇤ [0, T ),

u(x, 0) = u0(x) > 0 x ⌘ R,

⇥ ⌦ 3

u0,
1

u0
⌘ L (R).

⇥ ⌦ 3

u(t) T u t ⌘ [0, T )

lim
t⌥T

inf
x⌦R

u(x, t) = 0.

u T a
{(an, tn)} an ✏ a tn ✏ T

u(an, tn) ✏ 0 n ✏⇣

t ✏ T u ⌃ = [�1, 1]



UT (t) = (⇥ + 1)
1

�+1 (T � t)
1

�+1 U �T = � 1
U�

T

UT (T ) = 0

UT (t) ⌦ inf
�1<x<1

u(x, t) ⌦ C0UT (t) C0.

a T
u
⇤⇤
0 � 1

u�
0

 0 u0

⌫
⇢⇢⇡

⇢⇢⇠

u(a, t) ✏ 0,
u(x, t) ✏ u⇤(x) t✏ T x ✓= a,

u⇤ =
�(⇥ + 1)2

8⇥

 1
(�+1)

 |x� a|2

| log |x� a||

⌦ 1
(�+1)

(1 + o(1)),

|x� a|✏ 0

u(t)
t ✏ T a ⌘ R

y =
x� a)
T � t

s = � log(T � t) wa(y, s) = (T � t)�
1

�+1 u(x, t).

wa(= w) s ⌦ � log T y ⌘ R

⌧sw = ⌧2
yw �

1

2
y · ⌧yw +

w

⇥ + 1
� w�⇥,
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wa
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1

u
,

v

⌧tv = ⌧2
xv � 2

(⌧xv)2

v
+ v2+⇥ R⇤ [0, T ),

u T v T a
u a v

u v

za(y, s) = (T � t)
1

�+1 v(x, t) y s .
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1

wa
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s ⌦ � log T y ⌘ R

⌧sz = ⌧2
yz �

1

2
y · ⌧yz � 2

(⌧yz)2

z
� z

⇥ + 1
+ z2+⇥.
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loc(RN , C)

�
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4 dy < +⇣} �(y) =
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4
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⌅
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4 dy.
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|y|2
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⇥ ⌦ 3
w

|⌧yw(y, s)|+ 1

w(y, s)
 M, (y, s) ⌘ R⇤ R M > 0.

w � �
s0 ⌘ R (y, s) ⌘ R⇤ R w(y, s) = �(s� s0)

�(s) = �(1 + es)
1

�+1 � = (⇥ + 1)1/(⇥+1).

� y

�� =
�

1 + ⇥
� ��⇥, �(�⇣) = �, �(+⇣) = +⇣.

⌧yw

⇥ > �1
⇥ ⌦ 3 �1 < ⇥ < 3



u
(x, t) ⌘ R ⇤ (�⇣, T )

M > 0

u(x, t) ⌦ 1

M
(T � t)

1
(�+1) |⌧xu(x, t)|  M (T � t)

1
�+1�

1
2 (x, t) ⌘ R⇤ (�⇣, T ).

T0 ⌦ T (x, t) ⌘ R⇤ (�⇣, T ) u(x, t) = �(T0 � t)
1

(�+1)

u(t)
T > 0 � > 0 C⇣ > 0

t ⌘ [
T

2
, T ) x ⌘ R

⌥⌥⌥⌥
⌧u

⌧t
� u�⇥

⌥⌥⌥⌥  �|u|�⇥ + C⇣.

u(t) u(t)
T u

⇤⇤
0 � 1

u�
0

 0

inf
x⌦R

|u(x, t)|✏ UT (t) = (⇥ + 1)
1

�+1 (T � t)
1

�+1 t✏ T,

(T � t)�
1

�+1+ 1
2'⌧xu(., t)'L⌅(R) + (T � t)�

1
�+1+1'⌧2

xu(., t)'L⌅(R) ✏ 0 t✏ T.

a ⌘ R

inf
y⌦R

|wa(y, s)|✏ � s ✏ +⇣ '⌧yw(., s)'L⌅ + '⌧2
yw(., s)'L⌅ ✏ 0 s ✏ +⇣,

� = (1 + ⇥)
1

�+1

⌧tu = ⇥u + |u|p�1u

u : (x, t) ⌘ RN ⇤ [0, T ) ✏ R p > 1, p <
N + 2

N � 2
N ⌦ 3.



ws = ⇥w � 1

2
y⌧yw �

w

p� 1
+ |w|p�1w.

�

RN

w(y, s0)�(y)dy > (p� 1)�
1

p�1 ,

s0 ⌘ R w s > s0

w

E(w(s0))  
(p� 1)

2(p + 1)

 �

RN

|w(y, s0)|2�(y)dy
⌦ p+1

2
,

s0 ⌘ R E

E(w) =

�

R

 1

2
|⌧yw|2 +

|w|2

2(p� 1)
� |w|p+1

p + 1

⌦
�(y)dy �(y) =

e�
|y|2
4

(4�)N/2
.

w s > s0

⌧tu = ⇥u + (1 + i⌅)|u|p�1u

u : RN ⇤ R ✏ C

✏
⌧tu = ⇥u + vp, ⌧tv = ⇥v + uq

u(., 0) = u0, v(., 0) = v0,

p � q

z

↵
=

1

w

�
z± s ✏ ±⇣ z± 

0 z± � ��1 z± � 0
z� � 0

z� = ��1

w � s ✏ �⇣
w
w(y, s) = �+ C0e

s + o(es) s ✏ �⇣ C0 ⌘ R
w(y, s) = �+ C1e

s/2 + o(es/2) s ✏ �⇣ C1 ⌘ R \ {0}



w(y, s) = �+
�

2⇥s

↵
1

2
y2 � 1

�
+ o

↵
1

s

�
s ✏ �⇣

L ([�R,R]) R > 0 L2
�

w(y, s) = �(s � s0) w(y, s) = �
s0 ⌘ R �

a0 ⌘ R s0 ⌘ R wa0(y, s) = w(y + a0e
s0 , s0)

w
s ⌘ R

w
|y| 1

M
M

w L 

lim
s⌥� 

sup
|y|⇧Re�s/2

⌥⌥⌥w(y, s)� ((⇥ + 1)� C1�
�⇥yes/2)

1
�+1

⌥⌥⌥ = 0

0 < R < (⇥+1)
C1⌃�� C1 ✓= 0

lim
s⌥� 

sup
|y|⇧
⌘
�sR

⌥⌥⌥⌥⌥w(y, s)�
↵

(⇥ + 1) +
(⇥ + 1)2

4⇥

y2

s

� 1
�+1

⌥⌥⌥⌥⌥

0 < R <
"

4⇥
(⇥+1)

⇥ ⌦ 3 w(y, s)
(y, s) ⌘ R ⇤ R z = 1

w z
R2

w s

w s ✏ ±⇣



M0 > 0 (y, s) ⌘ R⇤R

|⌧yw(y, s)|+ 1

w(y, s)
 M0 w(y, s)  w(0, s) + M0|y|,

|z(y, s)|+ |⌧yz(y, s)|+ |⌧2
yz(y, s)|  M0 |⌧sz|  M0(1 + |y|).

|⌧sw(y, s)|  M0(1 + |y|)(w(0, s) + |y|)2.
R > 0 z ⌧yz(y, s) ⌧2

yz ⌧sz C0,�([�R,R]2)
� ⌘ (0, 1)

C0,�([�R,R]2) =

�
◆ ⌘ L [(�R,R)2] | sup

(⌦,�),(⌦⇤,� ⇤)⌦[�R,R]2

|◆(�, ⇣)� ◆(��, ⇣ �)|
(|� � ��|+ |⇣ � ⇣ �|1/2)�

<⇣
�

⌧sw = ⌧sz/z
2 = ⌧szw

2

�

(w(s)) =
1

2

�

R
⌧yw

2�dy � 1

2(⇥ + 1)

�

R
w2�dy � 1

⇥ � 1

�

R
w�(⇥�1)�dy �(y) =

e�
y2

4

(4�)
1
2

,

s1 < s2 ⌘ R

0 < w(y, s)  c1(s)(1 + |y|) s1  s  s2 c1(s) > 0

� s2

s1

�

R
(ws)

2�dy = (w(s1))� (w(s2))

z

E(z(s)) =
1

2

�

R

⌧yz
2

z4
�dy � 1

2(⇥ + 1)

�

R

1

z2
�dy � 1

⇥ � 1

�

R
z⇥�1�dy,

� b

a

�

R

 zs

z2

⌦2

�dy = E(z(a))� E(z(b)) a < b.

⌧sw� BR = B(O,R)
R > 0

E(z) = (1
z ) �

z s ✏ ±⇣



z s ✏ ±⇣ z+ (y) = lims⌥+ z(y, s)
0 ��1 R

z� (y) = lims⌥� z(y, s)

sj ✏
±⇣ j ✏⇣

(sj)

z(y, s + sj) ✏ l C2,�([�R,R]) R > 0, l = 0 ��1

l = 0 E(z(sj)) ✏ �⇣ l = ��1 E(z(sj)) ✏ E(��1)

s ✏ +⇣ (sj) (sj)
j ⌘ N, sj > sj

zj(y, s) = z(y, s + sj) ✏ ��1 zj(y, s) = z(y, s + sj) ✏ 0 j ✏⇣.

E(zj(s)) ✏ E(��1) E(zj(s)) ✏ �⇣,

j

sj > sj, E(z(sj)) > E(��1)� 1 > E(z(sj)),

E
z(y, s) s ✏⇣

sj ✏ +⇣ sj ✏ �⇣
(y, s) z(y, s)

⌧sz = ⌧2
yz �

1

2
y⌧yz � 2

(⌧yz)2

z
� z

⇥ + 1
+ z2+⇥.

0  (⌧yz)2

z
=

(⌧yw)2

w2
z  Cz 0  z2+⇥  Cz

L0z � Cz  ⌧sz  L0z + Cz L0z = ⌧2
yz �

1

2
y⌧yz.

S0(⇣) L0

S0(⇣)⌘(y) =
1

(4�(1� e�� ))1/2

�

R
exp

 
� (ye�

⌃
2 �  )

4(1� e�� )

⌦
⌘( )d ,



s ⌦ s�

e�C(s�s⇤)S0(s� s�)z(., s�)  'z(., s)'L⌅  eC(s�s⇤)'z(., s�)'L⌅ .

(sj) +⇣ zj(y, s) = z(y, s + sj)
sj zj

z̃+ C2,1((�R,R)2) R > 0 z̃+ 

z̃+ 0 ��1

(y0, s0) ⌘ R2 z̃+ (y0, s0) = 0

y ⌘ R, z̃+ (y, s0) = 0.

y1 ⌘ R z̃+ (y1, s0) > 0

1

zj(y0, s0)
 1

zj(y1, s0)
+ M |y1 � y0|,

j ✏⇣
z � 0 R2 s ⌦ s0 z(., s) � 0 s  s0 S0(s0� s)z(., s) � 0

z(., s) � 0

(y, s) ⌘ R2 z̃+ (y, s) > 0
wj(y, s) = w(y, s + sj)

wj(y, s) = 1/zj(y, s) ✏ w̃+ = 1/z̃+ (y, s) C2((�R,R)2, R > 0.

zj wj z̃+ 
w̃+ z̃+ (y, s) = ��1

z̃+ s

(y, s) ⌘ R2

|⌧ywj(y, s)|+ |1/wj(., s)|  C1, |wj(y, s)|  C1(|y|+ w̃+ (0, s))
|⌧swj(y, s)|  C1(1 + |y|) (|y|+ w̃+ (0, s))2 ,

C1 > 0 j w̃+ 

(y, s) ⌘ R2

|⌧yw̃+ (y, s)|+ |1/w̃+ (y, s)|  C1, |w̃+ (y, s)|  C1(|y|+ w̃+ (0, s))
|⌧sw̃ (y, s)|  C1(1 + |y|) (|y|+ w̃+ (0, s))2 .



wj zj w̃+ z̃+ ⌧swj ⌧ywj

⌧sw̃+ ⌧yw̃+ 

|⌧ywj(y, s)|  M
0 y |wj(y, s)|  M |y| + wj(0, s)

wj(0, s) ✏ w̃+ (0, s)(= 1/z̃+ (0, s)) < +⇣ j ✏⇣,

⌧swj(y, s) = �⌧szj(y, s)/zj(y, s)2 = �⌧szj(y, s)wj(y, s)2,

�
sj+1 � sj ✏ ⇣

w = wj a = m b = m + sj+1 � sj m ⌘ Z
� si+1�sj+m

m

�

R
(⌧swj)

2�dy = (wj(m))� (wj(m + sj+1 � sj))

= (wj(m))� (wj+1(m)).

�

R
⌧yw

2
j�dy ✏

�

R
⌧yw̃

2
+ �dy,

�

R
w2

j�dy ✏
�

R
w̃2

+ �dy,
�

R
w
�(⇥�1)
j �dy ✏

�

R
w̃
�(⇥�1)
+ �dy j ✏⇣.

(wj(m)) ✏ (w̃+ (m)) j ✏ ⇣
sj+1 � sj ✏ +⇣

m < M

lim
j⌥ 

� M

m

�

R
|⌧swj|2�dyds = 0,

w̃+ (0, s)

(y, s) ⌘ R⇤ (m,M) |⌧swj(y, s)|  C(m, M)(1 + |y|)3.

⌧swj ⌧sw̃+ 

� M

m

�

R
|⌧swj|2�dyds ✏

� M

m

�

R
|⌧sw̃+ |2�dyds.

� M

m

�

R
|⌧sw̃+ |2�dyds = 0.



m M ⌧sw̃+ = 0 R2

w̃+ (y, s) = w̃+ (y) s w̃+ 
w̃+ 

y ⌘ R, 0 = w�� � 1

2
yw� +

1

⇥ + 1
w � w�⇥.

w̃+ (s) > 1/C w̃+ (s)  C(1 + |y|)

w�� � 1

2
yw� +

w

⇥ + 1
� �w�⇥ = 0 y ⌘ R,

|y|✏⇣ w � (�(⇥ + 1))
1

�+1

w̃+ = � z̃+ � ��1

E(z(s)) =

�

R

⌧yz
2

z4
�dy � 1

2(⇥ + 1)

�

R

1

z2
�dy � 1

⇥ � 1

�

R
z⇥�1�dy.

zj ��1

E(zj(s)) = (wj(s)) ✏ E(��1) = (�).

zj 0

E(zj(s)) = (wj(s))  C � 1

⇥ � 1

�
w�(⇥�1)�dy

j ✏ +⇣

E(zj(s)) ✏ �⇣.

�

z+ (y) = lims⌥+ z(y, s) z� (y) = lims⌥� z(y, s) 0 ��1

z� = 0
z(y, s) ✏ 0 s ✏ �⇣

E(z(s)) ✏ �⇣ s ✏ �⇣.

s1 < 0 s  s1

s < 0 E(z(s)) < E(z(0)).

E z� = 0
w� = �



w � s ✏ �⇣

w ✏ � s ✏ �⇣

L2
� L2

� w � �
s ✏ �⇣ v = w � � v

(y, s) ⌘ R2 ⌧sv = Lv � f(v),

Lv = ⌧2
yv � 1

2y⌧yv + v
f(v) = (v + �)�⇥ � ��⇥ + ⇥��(⇥+1)v.

s1 ⌘ R s  s1

0  f(v)  M1v
2 f(v)  M2|v|.

(v + �)�⇥ = ��⇥ � ⇥

(⇥ + 1)
v +

1

2
⇥(⇥ + 1)(⌥ + �)�⇥�2v2,

⌥ 0 v

f(v) = c(⌥, ⇥)v2, c(⌥, ⇥) =
1

2
⇥(⇥ + 1)(⌥ + �)�⇥�2.

v > 0 0  c(⌥, ⇥)  (⇥/2)(⇥ + 1)��⇥�2 = ⇥/(2�)
v < 0 1

M  v + �  ⌥ + � 0  c(⌥, ⇥)  (⇥/2)(⇥ + 1)M⇥+2

v < � v > � v

f(v)  ⇥

⇥ + 1
v � 1

⇥ + 1
�+ M⇥  M2v,

M2 > 0 �

L
L2
� spec(L) = {1 � m

2 |m ⌘ N}
L

1� m
2

hm(y) =

[m
2 ]�

n=0

m!

n!(m� 2n)!
(�1)nym�2n.



hm

⌧
hnhm�dy = 2nn!⌅nm km = hm

⇣hm⇣2
L2

⌅

L L2
� v

v(y, s) =
2�

m=0

vm(s) · hm(y) + v�(y, s)

vm v hm v�(y, s) = P�(v) P�
L

s ✏ �⇣ v0(s) v1(s) v2(s)
v L2

�

v(y, s) s ✏ �⇣ s ✏ �⇣

|v1(s)| + |v2(., s)| + 'v�(., s)'L2
⌅

= o(v0(s)) 'v(., s) � C0e
s'L2

⌅
= O(e3s/2)

C0 ⌘ R

|v0(s)|+ |v2(., s)|+'v�(., s)'L2
⌅

= o(v1(s)) 'v(., s)�C1yes/2'L2
⌅

= O(e(1�⇣)s)
C1 ⌘ R \ 0 � > 0

|v0(s)|+ |v1(s)|+'v�(., s)'L2
⌅

= o('v2(., s)'L2
⌅
) 'v(., s)� ⌃

4⇥s (y2 � 2) 'L2
⌅

= O( log(|s|)
s2 )

�

�s0 ⌘ R
w(y, s) = �(s� s0)

s0 ⌘ R (y, s) ⌘ R2 w(y, s) =
�(s� s0) �(s)

v

'w(., s)� {�+ C0e
s} 'L2

⌅
 Ce3s/2 s ✏ �⇣.

�̂ R⇤ (�⇣, s1]
s1 ⌘ R w(y, s) s ✏ �⇣

C0 = 0, �̂ � �,

C0 > 0, �̂ � �(s� s0) s0 = � log

↵
(⇥ + 1)

�
C0

�
,

C0 < 0, �̂ � �0(s� s0) s0 = � log

↵
�(⇥ + 1)

�
C0

�

�0(s) = �(1� es)
1

�+1



s = 0 C > 0 �0 ⌦ C
s  �1 V = w � �̂ V

(y, s) ⌘ R⇤ (�⇣, s1]

⌧V

⌧s
= (L+ l(s))V � F (V ),

L

F (V ) = |�̂+ V |�⇥ � �̂�⇥ + ⇥�̂�(⇥+1)V

l(s) = 0 �̂ = �,

l(s) = � ⇥es

(⇥ + 1)(1 + es)
�̂ = �(s� s0),

l(s) =
⇥es

(⇥ + 1)(1� es)
�̂ = �0(s� s0).

|l(s)|  Ces s  s1 C > 0 Mi=1,2

0  F (V )  M1V
2 0  F (V )  M2|V |.

I(s) = 'V (., s)'L2
⌅

V � R
L

I �(s)  (1 + l(s))I(s) + C

�
V 4(y, s)�dy.

L ◆(y, s)

s ⌘ [a, b], y ⌘ R, ⌧s◆  (L+ ✏)◆ 0  ◆(y, s),

a  b ✏ ⌘ R

L◆ = ⌧2
y◆ �

1

2
y · ⌧y◆ + ◆ =

1

�
div(�⌧y◆) + ◆.

r > 1 C⇤ = C⇤(r,✏) > 0 s⇤(r)

s ⌘ [a + s⇤, b],

↵�

R
|◆(y, s)|r�(y)dy

�1/r

 C⇤'◆(., s� s⇤)'L2
⌅
.

�
C⇤ > 0 s⇤ > 0

'V (., s)2'L2
⌅
 C⇤'V (., s� s⇤)'2

L2
⌅

s2  s1

s  s2 I �(s)  5

4
I(s) + CI(s� s⇤)2.

I(s)  Ce3s/2



I(s) C1

0  I(s)  Ce3s/2 s  s2 s2

s3  s2 I(s) = 0 s  s3

V � 0 R⇤ (�⇣, s3]

(y, s) ⌘ R⇤ (�⇣, s3], w(y, s) = �̂(s).

w
(y, s) ⌘ R⇤R �̂ (y, s) ⌘ R⇤R (y, s) ⌘ R⇤R

(y, s) ⌘ R2 w(y, s) = � w(y, s) =
�(s� s0)

�0 > 0

lim
s⌥� 

sup
|y|⇧⇣0

⌘
�s

⌥⌥⌥⌥w(y, s)�G

↵
y)
�s

�⌥⌥⌥⌥ = 0,

G(�) =
 
(⇥ + 1)� (⇥+1)2

4⇥ �2
⌦ 1

�+1
.

◆(�, ⇣) |�|  
4B1 ⇣ ⌘ [0, ⇣⇤] ✏

⌧�◆  ⌧2
yy◆ +  ◆ + µ,

◆(�, 0)  ◆0 ◆(�, ⇣)  B2,

⇣⇤  1 |�|  B1 ⇣ ⌘ [0, ⇣⇤]

◆(�, ⇣)  e⌥� (◆0 + µ + CB2e
�B2

1/4).

us0

us0(�, ⇣) = (1� ⇣)
1

�+1 w(y, s) y =
� + ⇣0

2

)
�s0)

1� ⇣
s = s0 � log(1� ⇣).

us0 ⇣ ⌘ [0, 1) � ⌘ R us0

⇣ ⌘ [0, 1) |us0(., ⇣)| ⌦M(1� ⇣)
1

�+1 .



⇣ = 0 us0(�, 0) = w(� + ⇣0
2

)
�s0, s0)

sup
|⌦|<4|s0|1/4

⌥⌥⌥us0(�, 0)�G
 �0

2

⌦⌥⌥⌥ � g(s0) ✏ 0 s0 ✏ �⇣.

v

v� = �v�⇥ v(0) = G
 �0

2

⌦
,

v(⇣) = �

↵
1� (⇥ + 1)�2

0

16⇥
� ⇣

� 1
�+1

,

1� (⇥+1)⇣20
16⇥ < 1 ⇣0 = ⇣0(�0) < 1

v(⇣0) =
M

3
(1� ⇣0)

1
�+1 .

◆ = |us0 � v|,

|s0| ⇣ ⌘ [0, ⇣0] |�|  4|s0|1/4

⌧�◆  ⌧2
⌦◆ + C(�0)◆

◆(�, 0)  g(s0)
◆(�, ⇣)  C(�0)|s0|1/2

B1 = |s0|1/4 B2 = C(�0)|s0|1/2 ⇣⇤ = ⇣0 ◆0 = g(s0)
 = C(�0) µ = 0 ⇣ ⌘ [0, ⇣0]

sup
|⌦|⇧|s0|1/4

◆(�, ⇣)  C(�0)

↵
g(s0) + |s0|1/2e�

|s0|1/2

4

�
✏ 0 s0 ✏ �⇣.

|s0| � = 0 ◆(0, ⇣0)  
M

3
(1� ⇣0)

1/(⇥+1)

|us0(0, ⇣0)|  v(⇣0) + ◆(0, ⇣0)  
2

3
M(1� ⇣0)

1/(⇥+1),

⇧ = us0 � v

⌧s⇧ = ⌧2
s⇧�

�
u�⇥s0

� v�⇥
⇥
,
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y⇧ + ⇥⇧⌥�⇥+1 ⌥ us0 v.

⇣ ⌘ [0, ⇣0] � ⌘ R

1

⌥
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↵
1

u0(�, ⇣)
,

1

v(⇣)

�
 C(�0) ⌥.



◆ = |⇧|

◆ ⇣ ⌘ [0, ⇣0]
|�|  4|s0|1/4

◆(�, ⇣)  us0(�, ⇣) + v(⇣)  w(y, s) + � (y, s)

|s0|

|w(y, s)|  |w(0, s)|+ M0|y|  C(1 + |y|)

|y|  
|� + ⇣0

2

)
�s0|)

1� ⇣
 

4|s0|1/4 + ⇣0
2

)
�s0)

1� ⇣0
 C(�0)|s0|1/2,

◆ �
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#
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⇥ + 1
.

�0

f(y, s) = G

↵
y)
�s

�
,

F (y, s) = f(y, s)� �

2⇥s
,

f

�y

2
· ⌧yf +

1

(⇥ + 1)
f � |f |�⇥ = 0.

' (F (., s)� w(., s)) (1� ✓⇣0)'L2
⌅

= O

↵
log |s|

s2

�
s ✏ �⇣,
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|y|!
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⌦ 3�0

F s ✏ �⇣
w w F |y| ↵ 1

|y|  �0

)
�s �0
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↵
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�
,



⇤0 ⌘ C (R) ⇤0(�) = 1 |�|  3�0 ⇤0(�) = 0 |�| ⌦ 4�0

↵ = w � F Z = ⇤|↵|.

F (y, s)
y = R⇤

)
�s

L2
� �0 > 0

Z s  s⇤ y ⌘ R

⌧sZ�⌧2
yZ +

1

2
y ·⌧yZ� (1+✏)Z  C

↵
Z2 +

(y2 + 1)
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+ (1 +

)
�s)✓⇣0

�
�2div (|↵| · ⌧y⇤) ,

s⇤ ⌘ R ✏ = 1/100 ✓⇣0

N2

2⇣0
)

|s|
(Z(s)) = o(1) s ✏ �⇣,

N q
r (◆) r > 0 1  q <⇣

N q
r (◆) = sup

|⌦|⇧r

↵�
|◆(y)|q exp(�(y � �)2

4
)dy

�1/q

.

L

Z(y, s) {|y|  �0

)
�s}

sup
|y|⇧⇣0

⌘
�s

Z(y, s) = o(1) s ✏ �⇣.

s0 < s⇤ s0  s < s⇤

e
s�s0

2  
)
�s

Z(y, s)  S�(s� s0)Z(., s0)

+

� s

s0

S�(s� ⇣)

↵
C

✏
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(y2 + 1)

⇣ 2
+ (1 +

)
�⇣)✓⇣0

⇣
� 2div (|↵|⌧y⇤)

�
d⇣,



S� L�⌘ = ⌧2
y⌘ � 1

2y⌧y⌘ + (1 + ✏)⌘
L2
�(R) S�(⇣)

S�(⇣, y, z) =
e(1+�)�

(4�(1� e�� ))1/2
exp

�
� |ye��/2 � z|2

4(1� e�� )

�
.

r � r(s, s0) = 2�0e
s�s0

2 = R1e
s�s0

2

N2
r�

N2
r (Z(., s))  N2

r (S�(s� s0)Z(., s0)) + C

� s

s0

N2
r (S�(s� ⇣)Z(., ⇣)2)d⇣

+C

� s

s0

N2
r (S�(s� ⇣)

↵
(y2 + 1)

⇣ 2

�
)d⇣

+C

� s

s0

N2
r (S�(s� ⇣)(1 +

)
�⇣)✓⇣0(y, ⇣))d⇣ + C

� s

s0

N2
r (S�(s� ⇣)(div(|↵|⌧y⇤))d⇣

� J1 + J2 + J3 + J4 + J5.

J5

J1...J4

J2 J5

s ✏ �⇣

|J1|  Ce(1+�)(s�s0) log |s0|
|s2

0|
,

|J2|  C

� s0+((s�R0)�s0)+

s0

e(1+�)(s���R0)

(1� es���R0)1/20

�
N2

r (Z(., ⇣)2)
⇥
d⇣ + C

e(s�s0)(1+�)

s2
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,

R0 = 4�0,

|J3|  C
e(s�s0)(1+�)

s2
0

(1 + (s� s0))
)
�s0,

|J4|  Ce(s�s0)(1+�)e�s � > 0,
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⌧sZ � ⌧2
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�
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J5

S�(s� ⇣) (�div(|↵⌧y⇤)) ,
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(1� es�� )1/2

�

R
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↵
�(ye�(s��)/2 �  )2

4(1� e�(s��))

�
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�

R
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)
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)
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�⇣)

(1� es�� )3/2
I1I2,

I1 =

↵�

R
(ye�(s��)/2 �  )2 exp

↵
�(ye�(s��)/2 �  )2
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�
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⌥⌥N2
r (S�(s� ⇣)div(|↵|⌧y⇤))
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)
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↵
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+
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1
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�
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e(s��)(1+�)(1 +
)
�⇣)
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�
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✏ = 0 ✏ > 0 �
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R1 = 2�0 s� < s

Z(., s)  
⇧
eCR0S(R0)Z(., s�R0)

⌃

+

✏
C

� s

s�R0

eC(s��)S(s� ⇣)
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⇣
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⇤ =
⇧
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e⇥s ⇥ > 0,

sup
|y|⇧R2

⌘
�s

|M3| = o(
1

|s|) s ✏ �⇣.
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⌥⌥ = 0 G(�) = �
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⇣ ⌘ [0, 1) |us0(., ⇣)| ⌦M(1� ⇣)
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x0 ⌘ R ⌅ > 0 0 < t⇤(x0) < inf |X�x0|⇧⇤ T (X) X ⌘
(x0 � ⌅, x0 + ⌅) t ⌘ [t⇤(x0), T (X))

sup
|⌦�X|⇧ 3

4 (T (X)�t)

⌥⌥⌥⌥⌥u(�, t)� ⌥(x0)�0
(1� T �(X)2)

1
p�1

(T (X)� t + T �(X)(� �X))
2

p�1

⌥⌥⌥⌥⌥  C(T (X)� t)µ0� 2
p�1 .



x0 ⌘ R ✏ ⌦ 4
3

x ⌘ (x0 � ⌅, x0 + ⌅) ⌅ > 0 t = t(x,✏)

|x0 � x|
T (x0)� t

=
1

✏
.

(x, t) (x0, T (x0)) ✏

t✏ T (x0) x ✏ x0.

u(x, t)
X �
T (x) T �(x)

t = t(x, ⌅) ⌦ t⇤(x0) x
x0 X = � = x X = x0

� = x
X = � = x

⌥⌥⌥⌥⌥u(x, t)� ⌥�0
(1� T �(x)2)

1
p�1

(T (x)� t)
2

p�1

⌥⌥⌥⌥⌥  C (T (x)� t)µ0� 2
p�1 .

X = x0 � = x

⌥⌥⌥⌥⌥u(x, t)� ⌥�0
(1� T �(x0)2)

1
p�1

(T (x0)� t + T �(x0)(x� x0))
2

p�1

⌥⌥⌥⌥⌥  C (T (x0)� t)µ0� 2
p�1 .

t = T (x0)� ✏|x0 � x|

T (x0)� t = ✏|x� x0| (✏ � 1)|x� x0|  T (x)� t  (✏ + 1)|x� x0|,

⌥⌥⌥⌥⌥⌥⌥

(1� T �(x0)2)
1

p�1

(T �(x0)sign(x� x0) + ✏)
2

p�1

� (1� T �(x)2)
1

p�1

 
T (x)�T (x0)

|x�x0| + ✏
⌦ 2

p�1

⌥⌥⌥⌥⌥⌥⌥
 C|x0 � x|µ0 ,

⌥⌥⌥⌥⌥⌥⌥

1� T �(x0)2

(T �(x0)sign(x� x0) + ✏)2 �
1� T �(x)2

 
T (x)�T (x0)

|x�x0| + ✏
⌦2

⌥⌥⌥⌥⌥⌥⌥
 C|x0 � x|µ0 ,

sign(X) = X
|X| X ✓= 0

f(�) = T (� + x0)� T (x0)� �T �(x0)  = T �(x0)



C1,�

f(0) = f �(0) = 0

⌥⌥⌥⌥⌥⌥⌥

1�  2

( sign(�) + ✏)2 �
1� (f �(�)+ )2

 
f(⌦)
|⌦| +  sign(�) + ✏

⌦2

⌥⌥⌥⌥⌥⌥⌥
 C|�|µ0 .

⌥⌥⌥⌥⌥(1�  2)

↵
f(�)

|�| +  sign(�) + ✏

�2

� (1� (f �(�) +  )2)( sign(�) + ✏)2

⌥⌥⌥⌥⌥  C|�|µ0 ,

⌥⌥⌥⌥⌥

↵
f(�)

�

�2 1�  2

2( sign(�) + ✏)2
+

f(�)

�

1�  2

 sign(�) + ✏
+ f �(�)2/2 + f �(�) 

⌥⌥⌥⌥⌥  C|�|µ0 . �

✏ ✏1 ✏2

� ✏ = ✏1 � ✏ = ✏2

⌥⌥⌥⌥

↵
f(�)

�

�2 � 1�  2

2( sign(�) + ✏1)2
� 1�  2

2( sign(�) + ✏2)2

�

+
f(�)

�

�
1�  2

 sign(�) + ✏1
� 1�  2

 sign(�) + ✏2

� ⌥⌥⌥⌥  C|�|µ0 .

f(⌦)
⌦ ✏ f �(0) = 0 � ✏ 0

⌥⌥⌥⌥
f(�)

�

⌥⌥⌥⌥  C|�|µ0 .

�

⌥⌥f �(�)2 + f �(�)2 
⌥⌥  C|�|µ0 .

 ✓= 0 f �(�) ✏ f �(0) = 0 � ✏ 0
|f �(�)|  C|�|µ0 T C1,µ0 x0

 = 0

|f �(�)|  C|�|µ0/2.

x x0

⌥⌥⌥⌥⌥⌥⌥

1� T �(x)2

(T �(x)sign(x0 � x) + ✏)2 �
1� T �(x0)2

 
T (x0)�T (x)

|x�x0| + ✏
⌦2

⌥⌥⌥⌥⌥⌥⌥
 C|x0 � x|µ0 .



�

⌥⌥⌥⌥⌥(1� f �(�)2)

↵
✏ � f(�)

|�|

�2

� (✏ � f �(�)sign(�))2

⌥⌥⌥⌥⌥  C|�|µ0 .

|f �(�)|  C|�|µ0

T (x) C1,µ0 x0 �
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Putt = �Au+F(u)
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